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Abstract
In this work, using the concept of convex body semigroup, we present
new families of Buchsbaum. We characterize Buchsbaum circle and convex
polygonal semigroups and we describe algorithmic methods to check such
characterizations.
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Introduction
Buchsbaum rings were introduced in the last half of the twentieth century and it
has been treated from different points of view. Two good introductions to Buchs-
baum rings are [8] and [12]. Given a field k, r indeterminates over it, t1, . . . , tr,
and an affine cancellative commutative semigroup S ⊂ Nr, the semigroup ring
k[S] is defined as the subring of k[t1, . . . , tr] generated by t
s = ts11 · · · tsrr with
s = (s1, . . . , sr) ∈ S. The semigroup S is Buchsbaum if its associated semigroup
ring k[S] is a Buchsbaum ring. There are many works devoted to the study of
Buchsbaum affine semigroup rings (see for example [1], [2], [7], [9], [11], [12] and
the references therein). A recurrent problem proposed in many of them is to
find a criteria, expressed in terms of the affine semigroup S, to know if k[S] is
Buchsbaum (see [2]).
In this work we focus our attention on the study of Buchsbaum convex body
semigroup rings. Given F ⊂ Rr≥ a non-empty convex body, we consider the so-
called convex body semigroup F = ⋃∞i=0 Fi∩Nr where Fi = i ·F with i ∈ N (see
[3] for further details). This class of semigroups are useful to obtain examples of
different kinds of rings. For instance, in [6] the authors use these semigroups to
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characterize some families of Cohen-Macaulay and Gorenstein rings families and
they give computational methods to get examples. All these characterizations
are based on the easy method to check whether an element belong or not to a
convex body semigroup. In this work, taking again advantage of this fact, we
characterize some families of Buchsbaum convex body semigroups (Proposition
4 and Theorem 6, respectively). Moreover, we prove that these characterizations
can be checked by using basic tools of Linear Algebra and Basic Geometry and
we use these tools in the construction of Buchsbaum semigroup rings. Besides,
in Corollary 8 and 9, we give explicitly families of Buchsbaum semigroups. In
this work, we also introduce the Mathematica package PolySGTools ([5]). This
package is used to compute the minimal generating set of a convex polygonal
semigroup given by a rational polygon and to check Buchsbaumness of an affine
convex polygonal semigroup.
The contents of this paper are organized as follows. In Section 1, we provide
some basic tools and definitions that are used in the rest of the work. In Section
2, Buchsbaum affine circle semigroups are characterized. Finally, Section 3 is
devoted to the study of properties that characterize Buchsbaum affine convex
polygonal semigroups (Theorem 6) and to give explicit families of Buchsbaum
affine convex polygonal semigroups.
1 Preliminaries
For any L subset of Rr, denote by L≥ the set {(x1, . . . , xr) ∈ L|xi ≥ 0, i =
1, . . . , r}. Let G be a non-empty subset of Rr≥, denote by LQ≥(G) the
cone {∑pi=1 qifi|p ∈ N, qi ∈ Q≥, fi ∈ G}. Let Fr(LQ≥(G)) be the boundary of
LQ≥(G) considering the usual topology of Rr and define the interior of G as
G \ Fr(LQ≥(G)), denote it by int(G). We use d(P ) to represent the Euclidean
distance from a point P to the origin O.
Let S ⊂ Nr be the affine semigroup generated by
{n1, . . . , nr, nr+1, . . . , nr+m}. A semigroup S is called simplicial if
LQ≥(S) = LQ≥({n1, . . . , nr}). All semigroups appearing in this work are
simplicial, so in the sequel we will assume such property. In the case the
semigroup ring k[S] is a Cohen-Macaulay ring, S is Cohen-Macaulay semigroup.
The set LQ≥(S) ∩ Nr is an affine semigroup which is denoted by C.
Let S be the semigroup {a ∈ Nr|a+ni ∈ S, ∀i = 1, . . . , r+m}. It is straight-
forward to prove that S ⊂ C. The following result shows a characterization of
Buchsbaum rings in terms of their associated semigroups.
Theorem 1. [7, Theorem 5] The following conditions are equivalent:
1. S is Buchsbaum.
2. S is Cohen-Macaulay.
In [7, Theorem 9], it is given a method to check if a simplicial semigroup
is Buchsbaum. To apply such method it is necessary to compute the intersec-
tion of the Ape´ry sets of the generators of the rational cone of S (the elements
n1, . . . , nr). Such intersection is computed using the method presented in [10]
that uses some bounds to describe a region where the elements of the Ape´ry
set are; the high value of the bound obtained makes the algorithm impracti-
cal in many cases. Thus, to determine if S is Buchsbaum, it is necessary to
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check if the semigroup S is Cohen-Macaulay. In this work we focus on solving
algorithmically this problem for some kinds of subsemigroups of N2.
Given S ⊆ N2 an affine semigroup, denote by τ1 and τ2 the extremal rays of
C = LQ≥(S)∩N2 with τ1 the ray with greater slope and by n1 ∈ τ1 the element
of S ∩ τ1 with less module, similarly define n2 ∈ τ2. Note that C ∩ τj = N2 ∩ τj
(with j = 1, 2) is a subsemigroup of N2 and that it is generated only by an
element.
Corollary 2. [6, Corollary 2] Let S ⊆ N2, the following conditions are equiva-
lent:
1. S is Cohen-Macaulay.
2. For all a ∈ C \ S, a+ n1 or a+ n2 does not belong to S.
Lemma 3. [6, Lemma 3] Let S ⊆ N2 be a simplicial affine semigroup such that
int(C) \ int(S) is a non-empty finite set, then S is not Cohen-Macaulay.
From now on, we consider only semigroups associated to convex bodies. Let
F ⊂ Rr≥ be a non-empty convex body, the convex body semigroup generated
by F is the semigroup F = ⋃∞i=0 Fi ∩ Nr. In general, these semigroups are not
finitely generated. An interesting property of them is that it is easy to check if
an element P belongs to a given semigroup. Just proceed as follows: take τ the
ray defined by P and the segment τ ∩ F = AB with d(A) ≤ d(B); the element
P belongs to F if and only if the set {k ∈ N|d(P )d(B) ≤ k ≤ d(P )d(A)} is non-empty.
In [3], affine convex body semigroups are characterized when the initial con-
vex body is a circle or a convex polygon. In both cases, a convex body semigroup
is affine if and only if the intersection of the initial convex body with each ex-
tremal ray of its associated positive integer cone contains at least a rational
point. Besides, the minimal system of generators of these convex body semi-
groups can be computed algorithmically (see Theorem 14 and Theorem 18 in
[3] for further details). Let F ⊂ R2 be a convex body, in this case the positive
integer cone C is equal to LQ≥(F ∩ R2≥) ∩ N2 and int(C) = C \ {τ1, τ2}.
2 Buchsbaum affine circle semigroups
Let C ⊂ R2 be the circle with center (a, b) and radius r > 0 with a, b, r ∈ R;
define Ci the circle with center (ia, ib) and radius ir and S =
⋃∞
i=0 Ci ∩ N2
the so-called circle semigroup associated to C. Note that when C ∩ R2≥ has at
least two points the circle semigroup is simplicial, so in this section we consider
that S is always a simplicial affine circle semigroup. Let S be the semigroup
{a ∈ N2|a + ni ∈ S, ∀i = 1, . . . ,m} with {n1, n2, . . . , nm} the minimal system
of generators of S.
Proposition 4. Let S ⊂ N2 be an affine circle semigroup. The semigroup S is
Buchsbaum if and only if int(C) = int(S) and S ∩ τj is generated only by one
element for j = 1, 2.
Proof. By Theorem 1, S is Buchsbaum if and only if S is Cohen-Macaulay. We
prove that S is Cohen-Macaulay if and only if int(C) = int(S) and S ∩ τj is
generated by only one element for j = 1, 2.
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Assume that S is Cohen-Macaulay and suppose that int(C)\ int(S) 6= ∅. Let
n′j be one element of the minimal system of generators of S ∩ τj with j = 1, 2.
Since there exists a real number d > 0 such that {a ∈ int(C)|d(a) > d} ⊂ S (see
[3, Lemma 17]), the set int(C)\int(S) is finite, and thus int(C)\int(S) is finite too.
Take a ∈ int(C) \ int(S) verifying that d(a) = max{d(a′)|a′ ∈ int(C) \ int(S)}.
The elements a + n′1 and a + n
′
2 are in S and by Corollary 2 the semigroup S
is not Cohen-Macaulay which is a contradiction. Let us prove now that S ∩ τj
is generated by only one element for j = 1, 2. We consider two different cases:
S ∩ τj is generated only by one element or not. If there exist nj ∈ N2 such
that S ∩ τj = 〈nj〉 for j ∈ {1, 2}, then for every a ∈ (τj \ S) ∩ N2 we have
that a+ nj ∈ τj \ S and hence S ∩ τj = S ∩ τj . We consider now the case that
S ∩ τj is minimally generated by two or more elements with j ∈ {1, 2}. We have
that C ∩ τj is a segment and that (C \ S) ∩ τj is a finite non-empty set. This
implies that (C \S)∩ τj is a finite set too. If this is non-empty, take the element
a ∈ (C \ S) ∩ τj such that d(a) = max{d(a′)|a′ ∈ (C \ S) ∩ τj}. It verifies that
a+n′1 and a+n
′
2 belong to S and therefore S is not Cohen-Macaulay (Corollary
2).
Assume now that int(C) = int(S) and that S ∩ τj is generated by only one
element for j = 1, 2. In this case, it is straightforward to prove that for all
a ∈ C \ S, a+ n1 6∈ S or a+ n2 6∈ S. By Corollary 2, S is Cohen-Macaulay.
Using the above proof, the conditions of Proposition 4 can be determined
from the initial circle. To check whether int(C) = int(S), we only have to
compute the finite set int(C)\ int(S) by using the bound provided by [3, Lemma
17]. The second condition is satisfied whether C ∩ τj is a point or, in the case
C ∩ τj is a segment, if the generator of C ∩ τj belongs to S. Both conditions can
be checked algorithmically.
Example 5. Let C be the circle with center (7/5, 4/5) and radius 1/5. Using
the program CircleSG (see [4]), we obtain that the affine circle semigroup1 S
associated to C is minimally generated by the set{
(4, 2), (5, 3), (6, 3), (6, 4), (7, 3), (7, 4), (7, 5), (8, 5), (9, 4), (9, 6), (10, 7),
(11, 8), (15, 11), (19, 8), (19, 14), (23, 17), (27, 20), (31, 13), (31, 23), (32, 24),
(35, 26), (43, 18), (55, 23), (67, 28), (79, 33), (91, 38), (96, 40)
}
and int(C) \ int(S) is {(2, 1), (3, 2)} (see Figure 1). It is easy to check that the
points (2, 1) and (3, 2) belong to S. Thus, int(C) = int(S). Besides, S ∩ τ1 =
〈(32, 24)〉 and S ∩ τ2 = 〈(96, 40)〉. By Proposition 4, the affine circle semigroup
S is Buchsbaum.
For any affine semigroup, a problem of a high computational complexity is
the problem of determining whether an element belongs to it. As explained
above, in the particular case of circle semigroups this problem is simple. This
fact simplify the computation of the above example and allows to obtain the
result very quickly.
1Note that C ∩ τ1 = (32/25, 24/25) and C ∩ τ2 = (96/65, 8/13).
4
Figure 1: The affine circle semigroup associated to the circle with center
(7/5, 4/5) and radius 1/5.
3 Buschbaum affine convex polygonal semi-
groups
Denote by F ⊂ R2≥ a compact convex polygon (not equal to a segment) with
vertex set P = {P1, . . . , Pt} arranged in counterclockwise direction and let P =⋃∞
i=0 Fi ∩ N2 be its associated semigroup. Note that since the fixed convex
polygon F is not a segment, P is a simplicial affine convex polygonal semigroup.
As in previous sections, τ1 and τ2 are the extremal rays of C assuming τ1 with
a slope greater than the slope of τ2. Let P be the semigroup {a ∈ N2|a+ ni ∈
P, ∀i = 1, . . . ,m} with {n1, n2, . . . , nm} the minimal system of generators of P
and let n′j be a minimal generator of P ∩ τj with j = 1, 2.
In order to prove the results of this section, we consider different special
subsets of the cone C and some points and lines in LQ≥(F ). We distinguish two
cases, F ∩ τi is a point or a segment.
Assume F ∩ τ1 = {P1} ⊂ P, let j be the least positive integer such that
jP1Pt ∩ (j + 1)P1P2 is not empty. Since P1Pt and P1P2 are not parallel, there
exists a point {V1} = jP1Pt∩(j+1)P1P2 (using [3, Lemma 11], V1 can be easily
computed). Denote by T1 the triangle with vertex set {O,P1, V1 − jP1}, and
by
◦
T1 its topological interior. By [3, Lemma 11], for every h ∈ N with h ≥ j
the points hP1Pt ∩ (h + 1)P1P2 are in the same straight line, which we denote
by ν1. Note that ((
◦
T1 ∪(OP1 \ {O,P1})) + µP1) ∩ P = ∅ for all µ ∈ Z≥. This
construction allows us to define the set
B1 = {D + λn1|D ∈ (jP1)V1 and λ ∈ Q≥} ∩ C
whose elements are in P or they are in ⋃µ∈N, µ≥j (( ◦T1 ∪(OP1 \ {O,P1})) +
µP1
)
. The elements of B1 verify that if P ∈ B1 \ P then P + n1 6∈ P and
thus P /∈ P; this implies that P ∩ B1 = P ∩ B1. Denote by Υ1 the finite
set ConvexHull({O, jP1, V1, ν1 ∩ τ2}) ∩ N2. Analogously, if the set F ∩ τ2 =
{P1} ⊂ P (for the sake of simplicity, we call again this point P1) there exists
the least integer j such that jP1P2 ∩ (j + 1)P1Pt is equal to {V2}. Let T2
be the triangle with vertex set {O,P1, V2 − jP1}, and denote by ν2 the line
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containing the points {hP1P2 ∩ (h + 1)P1Pt|h ≥ j, h ∈ N} and by B2 the set
{D + λn2|D ∈ (jP1)V2 and λ ∈ Q≥} ∩ C. All of the properties of these sets
are analogous to the properties of the sets defined previously for τ1. Denote by
Υ2 the finite set ConvexHull({O, jP1, V2, ν2 ∩ τ1}) ∩ N2. In the case F ∩ τi is a
segment for some i, we take νi = τi and Υi = {O}.
We define the set Υ = (Q+  LQ≥(F ))∩N2 ⊂ C with {Q} = ν1∩ν2 ⊂  LQ≥(F ).
Note that the boundary of the set Υ intersects with two different sides of the
polygon i0F when i0  0 and therefore the sets Υ\P and Υ\P are finite. The
last set we define is the finite set Υ′ = {a ∈ (Υ1 ∪Υ2) \ P| a+ n′1, a+ n′2 ∈ P}.
It is straightforward to prove that the cone C is the union of B1, B2, Υ1, Υ2 and
Υ.
Theorem 6. Let P be a simplicial affine convex polygonal semigroup. Then
1. if int(C) = int(P), the semigroup P is Buchsbaum if and only if P ∩ τj is
generated by only one element for j = 1, 2,
2. if int(C) 6= int(P), the semigroup P is Buchsbaum if and only if Υ′ = ∅
and Υ ⊂ P.
Proof. We prove that P is Cohen-Macaulay if and only if the conditions of the
theorem are fulfilled. Due to the similarity with the proof of Proposition 4, the
case 1 is left to the reader.
Assume that int(C) 6= int(P) and that P is Cohen-Macaulay. By Corollary
2, the set Υ′ has to be empty. If Υ 6⊂ P, choose a ∈ Υ \ P such that d(a) =
max{d(a′)|a′ ∈ Υ \P}. Then a+n′1 and a+n′2 belong to P which implies that
P is not Cohen-Macaulay. Thus Υ ⊂ P.
Conversely, let a be an element of C \ P (note that a /∈ Υ ⊂ P). We discuss
the possibilities we have. If F ∩ τ1 is a point and a belongs to the strip bounded
by the parallel lines τ1 and ν1, we have that P ∩ τ1 = P ∩ τ1 and n1 = n′1.
Besides, the element a belongs to Υ1 \P or it belongs to B1 \P. Since Υ′ = ∅, if
a ∈ Υ1 \P, the element a+n′1 or a+n′2 does not belong to P and if a ∈ B1 \P
then a + n′1 /∈ P. We proceed similarly in the case of F ∩ τ2 is a point and a
belongs to the strip bounded by the parallel lines τ2 and ν2, obtaining that the
element a + n′1 or a + n
′
2 does not belong to P. If F ∩ τ2 is a segment, since
Υ ⊂ P, we have that C \ P ⊂ Υ1 ∪ B1, and thus every a ∈ C \ P verifies a+ n′1
or a+ n′2 is not in P. Similarly, when F ∩ τ1 is a segment and F ∩ τ2 is a single
point, for every a ∈ C \ P we obtain again that a+ n′1 or a+ n′2 is not in P. In
any of the above cases, every element a ∈ C \P fulfills that at least one element
of the set {a+n′1, a+n′2} does not belong to P, and hence P is Cohen-Macaulay
(Corollary 2). Finally, if F ∩ τ1 and F ∩ τ2 are both segments, then C = Υ ⊂ P;
this implies int(C) = int(P), which is a contradiction.
As in the circle semigroup case, to apply the above result it is necessary to
check whether int(C) = int(P). The different situations are the following:
1. If F ∩ τ1 is a segment P1Pt and F ∩ τ2 is a segment Pd−1Pd, the set Υ
is equal to the positive integer cone C and the sets C \ P and C \ P are
finite. Let j ∈ N be the least integer such that jP1Pt ∩ (j + 1)P1Pt 6= ∅
and jPd−1Pd ∩ (j + 1)Pd−1Pd 6= ∅, and let T be the triangle with vertex
set {O, jP1, jPd−1}. Clearly, T ∩N2 is finite and int(C) \ int(P) ⊆ T ∩N2.
This is illustrated in Figure 2.
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Figure 2: The affine polygonal semigroup P associated to the poly-
gon {(2, 0.25), (3, 0.375), (2.6, 1.25), (3.12, 1.5)}. Since int(C) \ int(P) =
{(4, 1), (7, 3)}, int(C) = int(P). Besides, P ∩ τj is generated by only one ele-
ment for j = 1, 2, and therefore P is Buchsbaum.
2. Let us suppose that F ∩ τ1 is a point P1 and F ∩ τ2 is a point Pd. If
P ∈ (int(C) ∩ (B1 ∪ B2)) \ int(P), the element P + n1 or P + n2 does not
belong to P and thus P 6∈ P. This implies that P∩(B1∪B2) = P∩(B1∪B2).
Let j ∈ N be such that jP1Pt∩(j+1)P1P2 = {V1} and let t ∈ N satisfying
tP1 = n1. For every r, k ∈ Z≥ there exists h ∈ {0, . . . , t − 1} such that
(
◦
T1 +(r+j)P1)∩N2 = (
◦
T1 +(h+j)P1)∩N2+kn1. A similar construction
must be done for B2 proceeding similarly with the triangle T2. So to
compare int(C) ∩ (B1 ∪ B2) with int(P) ∩ (B1 ∪ B2) it is only necessary
to check if there are nonnegative integer points in the sets
◦
T1 +(h+ j)P1
(with h ∈ {0, . . . , t − 1}) and, analogously, in some translations of
◦
T2 in
the direction of Pd. Since Υ1 and Υ2 are included in two parallelograms,
Υ1 ∪ Υ2 is a finite set and therefore (int(C) ∩ (Υ1 ∪ Υ2)) \ int(P) can be
computed.
In order to compute (int(C) ∩ Υ) \ int(P), just take j ∈ N the least inte-
ger such that both sets jP1Pt ∩ (j + 1)P1P2 = {V } and jPdPd+1 ∩ (j +
1)PdPd−1 = {V ′} are formed by only one point and let T be the triangle
with vertex set {Q,V, V ′}. By construction, the sets (int(C) ∩ Υ) \ T ,
(int(P) ∩ Υ) \ T and (int(P) ∩ Υ) \ T are equal. Therefore int(C) ∩ Υ =
int(P)∩Υ if and only if the finite sets int(C)∩T and {a ∈ int(P)∩T |a+ni ∈
P, ∀i = 1, . . . ,m} are equal. This case is illustrate in Example 7 (see Fig-
ure 3).
3. If F ∩ τ1 = {P1} and F ∩ τ2 is a segment Pd−1Pd, to compare the sets
int(C)\Υ and int(P)\Υ, just proceed as in the second case with the sets B1
and Υ1. Let now j ∈ N be the least integer such that jP1Pt ∩ (j+ 1)P1P2
is a point V and jPd−1Pd ∩ (j + 1)Pd−1Pd 6= ∅, and let T be the triangle
with vertex set {Q,V, jPd−1}. Then int(C)∩Υ = int(P)∩Υ if and only if
the finite sets int(C) ∩ T and int(P) ∩ T are equal.
4. Finally, the case F ∩ τ2 is a point and F ∩ τ1 is a segment is analogous to
the above case.
In any case, all the necessary sets to compare int(C) with int(P) are finite
and they can be obtained algorithmically. Besides, the conditions Υ′ = ∅ and
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Υ ⊂ P can be checked algorithmically and ”P ∩ τj is generated by only one
element” can be tested in a similar way to the case of circle semigroup.
Example 7. Let F be the polygon determined by the rational points
{(3.6, 1.8), (3.6, 0.6), (3.3, 1.05), (4.2, 1.5), (4.14, 0.99)} and P its associated affine
convex polygonal semigroup (the dark grey region in Figure 3). The minimal
system of generators of P can be computed with the function PolygonalSG (see
[5]),
In[1]:= PolygonalSG[{{3.6,1.8},{3.6,0.6},{3.3,1.05},
{4.2,1.5},{4.14,0.99}}]
Out[1]= {{4,1},{7,2},{7,3},{8,3},{10,3},{11,2},{11,5},{14,3},
{18,3},{18,9},{20,8},{23,10}}
We obtain that P is minimally generated by
G = {(18, 9), (18, 3), (4, 1), (20, 8), (23, 10), (8, 3),
(11, 5), (11, 2), (10, 3), (14, 3), (7, 2), (7, 3)},
following the notation of the above sections n1 = (18, 9) and n2 = (18, 3).
Using basic tools of Linear Algebra we compute the sets Υ1, Υ2, the triangle
T and the necessary translations of T1 and T2 (the above sets are needed to
check the conditions of Theorem 6). Those translations are the lighter grey
triangles in Figure 3, (Υ1 ∪ Υ2) \ P is the region in middle light grey and
(int(C) \ int(P)) ∩ Υ = (T ∩ N2) \ P = {(13, 4)}. Since (13, 4) does not belong
to P, by Corollary 2, the semigroup P is not Cohen-Macaulay. We also have
(13, 4)+n ∈ P for all n ∈ G. This can be checked with the function BelongToSG
of [5]. For n1 = (18, 9), we obtain
In[2]:= BelongToSG[{13,4}+{18,9},{{3.6,1.8},{3.6,0.6},
{3.3,1.05},{4.2,1.5},{4.14,0.99}}]
Out[2]= True
Thus (13, 4) ∈ P and therefore Υ ⊂ P.
The set (int(C) \ int(P)) ∩ (Υ1 ∪Υ2) is equal to
D = {(3, 1), (5, 1), (5, 2), (6, 2), (9, 2), (10, 2), (9, 3), (13, 3),
(16, 3), (17, 3), (9, 4), (10, 4), (17, 4), (12, 5), (13, 5), (13, 6)},
but none of these points are in P. Besides, for all a ∈ D, a+ n′1 or a+ n′2 does
not belong to P. Therefore Υ′ is the empty set. By Theorem 6, we conclude
that P is a non-Cohen-Macaulay Buchsbaum affine semigroup.
Using the function PSGIsBuchsbaumQ of [5], the above Buchsbaumness prob-
lem can be solved in less than a second (all the examples of this work have been
done in an Intel Core i7 with 16 GB of main memory),
In[3]:= AbsoluteTiming[PSGIsBuchsbaumQ[{{3.6,1.8},{3.6,0.6},
{3.3,1.05},{4.2,1.5},{4.14,0.99}}]]
Out[3]= {0.734412, True}
The return value is {0.734412, True} where 0.734412 are the seconds required
for this computation and True is the answer to the Buchsbaumness question.
If we use the method of Theorem 9 in [7], it is necessary to compute the
intersection of the Ape´ry set of n1 and the Ape´ry set of n2 by checking if 2 ×
7 771 556 800 000 elements belong to P; this causes such method to be inefficient.
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Figure 3: The affine polygonal semigroup P associated to the polygon
{(3.6, 1.8), (3.6, 0.6), (3.3, 1.05), (4.2, 1.5), (4.14, 0.99)}.
As indicated before, the problem of determining whether an element belongs
to a convex polygonal semigroup is straightforward; this implies a reduction of
the time of computation.
In Example 7, it is used only Elementary Algebra, but Buchsbaum semi-
groups can be generated using an even simpler approach. The following results
provide two user-friendly properties which allow us to obtain easily Buchsbaum
rings.
Corollary 8. Every affine convex polygonal semigroup associated to a triangle
with rational vertices is Buchsbaum.
Proof. Note that if F is a triangle, P and P are equal. Corollary 12 in [6]
proves that every affine convex polygonal semigroup associated to a triangle
with rational vertices is Cohen-Macaulay. Thus, P = P is Cohen-Macaulay and
therefore P is Buchsbaum (Theorem 1).
Corollary 9. Let F be a convex polygon with vertices P1, . . . , P4 ∈ Q2≥ and let
P be its associated affine convex polygonal semigroup. If P1 ∈ P∩τ1, P4 ∈ P∩τ2
and the points O, P2 and P3 are aligned, P is Buchsbaum.
Proof. Let C1 be the positive integer cone delimited by the ray τ1 and the
line OP2, and let C2 be the cone delimited by the ray τ2 and the line OP2.
Trivially C = LQ≥(F ) ∩ N2 is the union of C1 and C2, and the semigroup P is
the union of the affine convex polygonal semigroups, P1 and P2, associated to
the triangles with vertex sets {P1, P2, P3} and {P2, P3, P4}, respectively. With
that decomposition of the affine convex polygonal semigroup P and from the
hypothesis, we can assert that P is equal to P, that Υ ⊂ P and that P ∩ τ1
and P ∩ τ2 are semigroups generated by only one element (Figure 4 illustrates
this situation). Under such conditions, let a be an element belonging to C \ P.
Note that if a ∈ C1 \ P1 then a + n1 /∈ P, otherwise, if a ∈ C2 \ P2 then
a+ n2 /∈ P. In any case, a+ n1 or a+ n2 does not belong to P. Thus P (= P)
is Cohen-Macaulay (Corollary 2) and then P is Buchsbaum.
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